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1. INTRODUCTION 
Misra [5] and Lavoine and Misra [2] have obtained initial- and final-value 
Abelian theorems for the distributional Stieltjes transform. All of their Abelian 
theorems are obtained for the transform as a function of the real variable s = 
D > 0, and the behavior of the transform as s = CT > 0 approaches zero (infinity) 
along the real line is related to the behavior of the defining distribution U, , 
t E (0, co), as t approaches zero (infinity). In this paper we obtain Abelian 
theorems for the distributional Stieltjes transform in the more general setting 
in which the transform is a function of the complex variable s = o + iw, and the 
behavior of the transform is analyzed as s = (T + iw approaches zero (infinity) 
in a prescribed manner in the half plane Re(s) = 0 > 0. We generalize the 
main results in 123 and [5] to the complex setting and obtain additional Abelian 
theorems as well. As in [2] and [5], we employ the notion of Lojasiewicz of the 
limit of a distribution at a point and also obtain some Abelian theorems con- 
cerning semiregular distributions by making appropriate assumptions on the 
part of the distribution which is defined by a function. See Milton [3, 41 for 
Abelian theorems concerning Laplace and Fourier transforms which are 
obtained using semiregular distributions. Note that by semiregular we mean a 
distribution which is defined by a function over a subset of its support. 
Throughout this paper, t, IJ, and w will denote real variables, and s = c + iw 
will denote a complex variable. OL, p, 7, and 5 will be fixed real numbers, and K 
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and 71 will denote nonnegative integers. The differential operator D,& will be 
D,7c = (d” ./&), and r(t) will denote the gamma function. We define 
(P + l)k = (P f 1) (P + 2) ... (P + 4, k > 1, (p + l)o = 1. 
We also define 
t+” = P, t > 0; ten = t fn, t E [O, t;], 5 > 0, 
= 0, t < 0; = 0, otherwise. 
The distribution spaces $ , Bi( 01 , and S; are defined by Lavoine and Misra ) 
[2, p. 991; while 9: , 01 < 1, is defined by Misra [5, p. 5911. 
The Stieltjes transform of the distribution U will be the function S,(U) of 
the complex variable s = (u f iw) E (C\(-00, 01) defined by 
If U E B:(a), we take p > CX, and if U E 3: , we take p > - 1. Note that Lavoine 
and Misra verify the existence of S,(U), s = (U -5 iw) E (C\(-co, 0]), for 
lJ~gk(a) and UE$:. 
2. INITIAL VALUE RESULTS 
We first state a lemma which has been proved in Carmichael [I]. 
LEMMA 1. Let - 1 < 7 < p, and let s E (C\(- CO, 01). Then 
s 
m 
p-n t”(t + s)-o-1 dt = m --drb+ 1) 
0 e+l) . 
We now prove the following generalization of Lemma 3.1 [2, p. 1001 for 
7) > -1. 
LEMMA 2. Let -1 < q < p. Then 
Pvoof. Using Lemma 1 we have 
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s = u + iw, u > 0. Since o > 0 and p > 71 we have 
II 
30 
t”(t + s)--p-l dt 
5 I I 
< * t-P-ltndt =5-p+". 
c P-77 
This estimate and (2) yield (1) upon letting s -+ 0 in (2). 
In this section we prove initial-value Abelian theorems for the distributional 
Stieltjes transform. In several of the results in this section we need the following 
fact concerning U E g:(a). From the definition of g;(a) in [2] we can infer that 
U c Q’+(a) implies the existence of 4 > 0 and a nonnegative integer k such that 
where VE 6; with supp(V) C [0, [] and f(t) is a function having support in 
[c, co) such that (f(t) t-“-“) is bounded. 
We now shall obtain our first initial-value Abelian theorem for elements 
U E g>(a). With motivation from [2, 1.2 Definition, p. 991, we shall say that 
U E al(a) is asymptotically equivalent to At+n as t --+ 0+, A being a complex 
number, if there exist 5 > 0 and V E g;(a) such that 
and 
Ut=At+“+ Vf, t E [O, L-1, (4) 
lii( v, ) s-y I + (t/s))-1) = 0, s = (5 + iw, u > 0. (5) 
THEOREM 1. Let U ~9;( OL ) , and let U be asymptotically equivalent o At+B as 
t -+ O+. Let q > -1 and p > sup(o~, q). Then 
lim “-“‘(P + ‘> “(‘) _ A 
-om-dJ%?+ 1) 
, s = I? + iw, (5 > 0. 
Proof. From the definition of asymptotic equivalence and the discussion 
leading to (3) we are able to write 
ut = Ate” +4 + Dthf(t), (7) 
where R E 8; with supp(R) C [0, 51; 5 > 0 is fixed; f(t) is a function with 
supp(f) C [l, co); and (f(t) @+) is bounded. Now 
S,(R) = (R, , (t + s)-0-l) = s~-~(R~ , s-+-l( 1 + (t/s))-0-l). (8) 
By (5) in the definition of asymptotic equivalence we conclude 
&?<R, 7 s-+1(1 + (t/s))-+ = 0, s = u + iw, (5 > 0. (9) 
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Now 
&(Qkf(t>> = (P + lh j-f(t) (t + ~)-~-l-~ 4 
i (10) 
where supp(f) C [[, 00) and (f(t) tdkea) is bounded. Thus 
1 jcmf(t) (t + s)+-li dt 1 < s”<‘t:pm /f(t) trk-@ 1 s;i tfO-lta dt 
\ 
< sup If(t) t-k-” 1 s 
w<a 
(11) 
since p > sup(or, 77) and s = cr + iw, CJ > 0. From (11) we see that the integral 
in (10) is bounded independently of s = u + iw, u > 0. Combining this fact 
with (7-9), and Lemma 2, we obtain (6) as desired. 
COROLLARY 1. Let U E 8; and let U be asymptotically equivalent to At+” as 
t -+ O+. Let - 1 < 77 < p. Then (6) holds. 
Proof. Since U E S; , then U E @;(a) for any (Y. Choose a fixed OL < - 1 
and the result is immediate from Theorem 1. 
For certain elements in g:(a) we obtain the following information. 
THEOREM 2. Let U E S&(a) such that 
lii( v, , s-y 1 + (t/s))-“-1) = 0, s = u + iw, (J > 0, (12) 
where V E 8: is as in the decomposition (3) corresponding to U. Let p > sup(ar, 0). 
Then 
hi S”S8( U) = 0, s = u + iw, (I > 0. (13) 
PYOO~. From (3) and straightforward calculations we obtain 
&(U) = (Vt > ~-~-i(l + (t/s))-“-‘> + (p + l)k jcm.f(t) (t+ s)-~-l-~ dt, (14) 
where VE S; with supp(V) Z [0, 51, supp(f) C [[, cc), and (f(t) tek-%) is 
bounded. By the analysis of (11) and the fact that p > sup(c+ 0), the integral in 
(11) is bounded independently of s = o + iw, u > 0. Thus (14) and assumption 
(12) combine with the fact that p > sup(a, 0) to yield (13) as desired. 
Let us now restricts in Theorems 1 and 2 to be real and positive and compare 
these results to Theorems I and II of [2]. The property (5) in our definition of 
asymptotic equivalence is exactly the property that is implied by 
,‘ii~+(P~ , A-“-lv(xih)) = 0, 9JEB’, 
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contained in [2, 1.2 Definition, p. 991 which is essential in the proof of [2, 
Theorem I]. Further, assumption (12) in Theorem 2 is exactly the property of 
the assumption lirns+ T, = 0 [2, 1.1 Definition, p. 991 in Theorem II which 
permits the proof of this theorem to hold. Our assumptions of asymptotic 
equivalence in Theorem 1 and (12) in Theorem 2 take the place of the assump- 
tions T, N Ax +v, x -+ O+, and limo+ T, = 0 in Theorems I and II, respec- 
tively, of [2] ; however by restricting s to be real and positive in Theorems 1 
and 2, these results become [2, Theorem I] for r] > -1 and [2, Theorem II], 
respectively. Corollary 1 is similarly comparable to [2, 3.3 Corollay, p. 1011 for 
q > -1. 
We now generalize an initial-value Abelian theorem of Misra [5] for the 
distributions 3: , (Y < I. First, note that the proof of Theorem 3.1.2 [5, p. 5951 
is incorrect as it stands; for SUP,,<~<~ I( /t)l does not exist for each fixed 01 < 1. 
In the following we generalize the statement (which is actually a theorem) 
following the proof of Theorem 3.1.2 to hold for s = (T + iw, CJ > 0, and in the 
process we correct Misra’s proof of Theorem 3.1.2. 
THEOREM 3. Let U ~9: , (Y ,< I, and let (U,/t”)+A as t-+0+ in the 
sense of [5, Definition 3.1.1, p. 5951, where A is a complex number. Let p > 7 + 
1 > 0. Then 
’ 
s = u + iw, u > 0. (15) 
Proof. Using Lemma 1 we have 
s~-vS((-J)-Ar(P - q) '(9 + ') =so-v-l(sG(s)) 
s 
T(P + 1) 
(16) 
s = u + iw, u > 0, where 
G(s) = (U, - At+n, (t + s)-0-l). (17) 
Using the hypothesis that (U&q) + A as t -+ 0+ in the sense of Lojasiewicz, we 
proceed by exactly the same procedure as in the proof of Theorem 3.1.2 [S] to 
obtain a constant C and an integer Y 3 0 such that 
I WI < C ma sup I K(r) S”((s + V-l)1 , 
k=O.....r O<t<m 
where K,(t) and the differential operator Sk are defined by Misra [5, p. 5911. 
Using the definition of K,(t) and Sk we have 
I GWI 
< c maX (P + l)k (sup 1 tP+“(t + s)-'-1-k 1 + l~~; 1 ta+p+k(t + ,)-p-l-k 1). 
k=O.....v o<t<1 \ m 
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Now for all t > 0, I(t/(t + s))P+~ / < 1, s=a+iw,o>O.Thusforallol<l, 
I SW/ G C max (P i- lb (o;~l I s(t + s)-l I + l;yzm I tas(t + s)-l I) 
k-O,...,? . 
<CC max (P + lM(1 +1;y;91it~-11) ?c=o,...,r \ 
< CC1 + I s I) ( max (P + lh). ?c=o,...,r 
Since we desire to obtain (15) as s -+ 0, it suffices to assume ( s I < 6, 6 > 0 
fixed. Thus for such s = 0 + iw, o > 0, we have 
I SW/ < W + 6) (,=~y 7.(~ + lh), / s I < 6, 6 > 0. (18) 
I . 3 
Since p > 7 + 1 > 0, then (16) and estimate (18) can be combined to prove (15). 
The proof is complete. 
This theorem generalizes Misra’s statement [5, p. 596, top], and the part 
of the proof of Theorem 3 leading to estimate (18) gives a correct reformulation 
and proof of Theorem 3.1.2 [5]. 
We now obtain an initial-value Abelian theorem for the Stieltjes transform of 
elements in 3: , OL < 1, without using the notion of limit of a distribution at a 
point in the sense of Lojasiewicz. Instead we consider certain semiregular 
distributions in 3: and relate the behavior of the Stieltjes transform at zero to 
the behavior at zero of that part of the SL element which is defined by a function. 
(Abelian theorems of this type for Laplace and Fourier transforms have been 
obtained in [3, 41.) W e will need the following lemma. 
LEMMA 3. Let T E SL , a < 1, and let T have support in [<, oo) for some 5 > 0. 
Let p > - 1. Then S,(T) is bounded as s + 0, s == CJ + iw, (T > 0. 
Proof. Let h(t) be a C” function which is 1 on [<, co) and has support in 
[S, co), 0 < 6 < 5. Then 
S,(T) = (Tt , (t + s)-0-l) = (T, , A(t) (t + s)-0-l). 
Since T E .YL , there exists a constant C and an integer Y > 0 such that 
I S,(T)/ < C ry T 6;y{P I K(t) ~k(w (t + s)-“-l)l I (19) 
I.., -. 
where supp(h) C [a, co), 0 < 6 < 5, and KJt) and the differential operator Sk 
are as in the proof of Theorem 3. Our result will now follow from inequality (19) 
using the properties of A(t) and arguments that are similar in nature to those 
used in obtaining inequality (18) in the proof of Theorem 3. Since our previous 
analysis indicates the types of techniques to be used, we leave the details of 
completing this proof to the reader. 
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Let UE$L, (II < 1, and let 5 > 0 be fixed. We decompose U into 
U = V + T, where V has support in [0, r] and T has support in [c - 8, co), 
0 < 6 < 5. Then I’ E 8;; hence by [6, p. 911 we know that V is a finite sum of 
distributional derivatives of continuous functions having support in an arbitrary 
neighborhood of [0, 11. In our following Abelian theorem we shall assume that 
V is in fact a continuous function g(t) and not a sum of distributional derivatives 
of continuous functions. Since V, = g(t) has compact support in [0, [] and is 
continuous, it follows immediately that its Stieltjes transform S,(g(t)), s = 
u + iw, u > 0, exists for p > - 1. Further, S,(T) exists for the same values of 
s and p since T E 9: because U E 3: . We now let QK = {s: s = u + iw, cr > 0, 
/ w j < Ku}, where K > 0 is an arbitrary but fixed real number. 
THEOREM 4. LetUEYL,a:<l.Letp>T>-land[>Obe$xed.Inthe 
decomposition 0’ = V + T as noted in the preceding paragraph, assume V, = g(t), 
where g(t) is a continuous function; and further assume 
(g(t)/t”) is bounded on y < t < co for ally > 0 (20) 
and 
(g(W) - A as t-+0+, (21) 
where A is a complex number. Then 
' 
(22) 
where K > 0 is an arbitrary but $xed real number. 
Proof. From the decomposition U = V + T, V, = g(t), we obtain S,(U) = 
&(g(t)) + S,(T), where supp(g) C LO, Cl, 5 > 0 fixed, and supp(T) C [5 - 6, a), 
0 < 6 < [. By Lemma 3, S,(T) is bounded as s + 0, s = u + iw, (T > 0; thus 
we have F-“&(T) + 0 as s -+ 0 in any manner, s = u + iw, a > 0, since 
p > 7 > -1. Further, because of assumptions (20) and (21) we have by 
Carmichael [l, Theorem I] that 
' 
where K > 0 is arbitrary but fixed. Combining the above facts, we obtain (22) 
as desired; and the proof is complete. 
3. FINAL-VALUE RESULTS 
In this section we first prove a final-value Abelian theorem for the distribu- 
tional Stieltjes transform in the complex plane, and it will be seen that both 
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[2, Theorem III] and [5, Theorem 4.21 are special cases of our result. (Note that 
because of the hypothesis and conventions of [5, Theorem 4.21, this final-value 
result is in fact implied by [2, Theorem III].) We then obtain some related results 
concerning the behavior of the distributional Stieltjes transform at co. 
Recall that QK = {s: s = u + iw, u > 0, / w 1 < KU}, where K >, 0 is an 
arbitrary, but fixed, real number. In the following, U, N Atn, t -+ 00, where U 
is a distribution and A is a complex number, is as defined in [2, 4.2 Definition, 
p. 1011. 
THEOREM 5. If U E CB’+ and if Ut N Atn, t + co, with 7 > - 1, then for 
P>?1 
(23) 
where K > 0 is arbitrary. 
Proof. From Lemma 1 it suffices to show 
lirir SP--‘)(S~(U) - &(At+n)) = 0. 
SeQK 
(24) 
Using the definition of U, N Atn, t + co, we may proceed exactly as in obtaining 
[2, p. 101, Eq. (4)] to obtain 
so-n(S,( U) - S,(At+v)) 
= (Vi ) F”(t + p-1) 
+ (P + lh S’--n ciy t”+k (@g(t) - &) (t + +-l-k dt 
(25) 
= I1 + I, . 
Here 5 > 1 and the function g(t) are obtained from the definition [2, 4.2 Defini- 
tion, p. 1011; and VE &; with support in [0, [I. 
Let E > 0 be arbitrary, and choose a fixed 5 > 1 such that 
i t-“-Wt) - (A/(7 + l)k)l -=c E, t > 5, 
and such that (25) holds according to the properties of the hypothesis U, - Atn, 
t--too.Forthisfixed<>I,p>7>-l,andsEQK,wehave 
< + + 1)k (u + Ku)- f= t”(t + a)-“-1 dt (26) 
< “(p + l)k (1 + K)P-n r(p ;;)t(;,+ l) . 
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Now for the above fixed 5 > 1, YE 8; with supp(V) C [O, 51 in (25). It is 
straightforward to show that Dtn(s~-“(t + s)-0-l) -+ 0 uniformly in t 3 0 for 
any integer 1z > 0 as s -+ CC in any manner, s = cr + iw, a > 0. Thus by the 
continuity of V E 8”; , wehaveI,+Oass-+coinanymanner,s=a+iw, 
u > 0, where I1 is in (25). Combining this with (25) and (26), we have thus 
proved (24) and hence (23). (Recall that in obtaining (26), s must be restricted 
to QK .) The proof is complete. 
By taking K = 0 in Theorem 5, we see immediately that [2, Theorem III] and 
[5, Theorem 4.21 are special cases of Theorem 5. 
Recall now the definition [2,4.1 Definition, p. 1011 of lim, U, = c. 
THEOREM 6. Let U E 9: and lim, U, = 0. Let p > - 1. Then 
yi PS,( U) = 0, -1 <p<o, 
s=o+iw.o>O 
(27) 
and 
vi s%s,(U) = 0, 
SEQK 
p >, 0, (28) 
where K > 0 is arbitrary but jixed. 
Proof. Using the definition [2, 4.1 Definition, p. 1011 we may proceed 
exactly as in obtaining [2, p. 102, line 41 to obtain 
s%Ss( U) = (V, , s’(t + s)-0-l) + (p + l)lc s’ 1” h(t) (t + s)-“-l--k dt 
i 
= I1 + I, . (2% 
Here [ > 1, V E Sk with supp( V) C [0, 41, k > 0 is an integer, and h(t) is a 
continuous function having support in [[, CO) such that (k!Fh(t)) + 0 as t ---f co. 
Now 1r -+ 0 as s -+ co in any manner in s = u + iw, u > 0, by similar 
reasoning as in the proof of Theorem 5 once we have fixed [ > 1 in the analysis 
below concerning~1, . This is because llcm(sff(t + s)-O-I) -+ 0 as s + co in any 
manner in s = u + iw, u > 0, uniformly in t 3 0 and for any integer 11 3 0. 
Thus results (27) and (28) will be obtained using (29) by showing the appropriate 
convergence of I, . 
Let E > 0 be arbitrary. Choose a fixed 5 > 1 such that 
I @h(t)1 < E, t > 5, 
and such that (29) holds according to the definition [2, 4.1 Definition, p. 1011. 
For this fixed 5 > 1 we have 
1 I, 1 < ‘(p + l)k 1 s ]p J;m tk 1 t + s j-p-l-* dt. (30) 
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Nowsuppose-l<p<O,andlets=u+i~,u>O.Since/s~~u,then 
IsjO<up, -1 <p<O.Thusfrom(30)wehave 
< ‘(p + l)k &+k)-k 
s 
m t”(t + u)-(~+k)-l dt (31) 
0 
UP) w + 1) G ‘(P + l)Ic qp + h + 1) 
fors=u+iw,u>O,and-1 <p<O. 
If s E QK and p > 0, we have from (30) that 
1 I2 1 < + + l)k (u + 1 w I>” /am t”(t + ~)-(~+~)-l dt 
(32) 
Estimates (31) and (32) and the fact that I1 + 0 as s + M) in any manner in 
s = u + iw, u > 0, combine with (29) to prove (27) and (28), respectively. 
(Recall that (31) was obtained for -1 < p < 0 and s = o + iw, u > 0; and 
(32) was obtained for p 3 0 and s E QK .) The proof is complete. 
Note that s + co along the real axis w = Im(s) = 0, u = Re(s) > 0, is 
allowed in both conclusions (27) and (28). Thus [2, Theorem rv] is a special 
case of Theorem 6. 
Now let p + 1 > p’. It is easy to see that Dtn(so’(t + s)-0-l) --+ 0 uniformly 
in t on any compact subset of [0, 03) as s--j co in any manner, s = u + iw, 
u > 0, for any integer 11 3 0. Thus we have the following generalization of [2, 
Theorem V]. 
THEOREM 7. Let U E S; and p + 1 > p’. Then lim,,, P’&(U) = 0, 
s = u + iw, (5 > 0. 
4. MISCELLANEOUS 
There are other properties of the Stieltjes transform of distributions obtained 
in [5, Corollary, p. 5921 which can be generalized to the complex setting. 
Because the analysis involved in obtaining the desired estimates for our gene- 
ralizations is similar to the analysis of several previous estimates obtained in 
this paper and because the basic structure of the proofs is similar to that of the 
special case [5, Corollary, p. 5921, the proof of the following generalization of 
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[5, Corollary, p. 5921 is left to the interested reader. (Note that [5, Theorem 
2.1.11 holds for s E (C\(-co, O]).) 
THEOREM 8. Let U E 9: , cx<l, and let s=a+iw, o>O. Thenfw 
h = 1 , 2, 3 )..., 
I Q”(~s(UNl = 4 s I-“)7 I s I - *> 
I Q%%~))/ = O(l s I-Y, IsI+% 
where p > - 1 in the dejkitimz of S,(U). 
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